Abstract. It is proved that if one of the finite modules M and N , over a local ring R, has reducible complexity and has finite Gorenstein dimension then the depth formula holds, provided Tor R i (M, N ) = 0 for i ≫ 0. We also study the vanishing of cohomology of a module of finite complete intersection dimension.
introduction
Let R be a local ring. Two R-modules M and N satisfy the depth formula if depth R (M ) + depth R (N ) = depth R + depth R (M ⊗ R N ).
The depth formula was first studied by Auslander [3] . Suppose that Pd R (M ) < ∞ and that q is the largest integer such that Tor In [12] , Huneke and Wiegand showed that two R-modules M and N over complete intersection rings satisfy the depth formula provided Tor R i (M, N ) = 0 for i > 0. In [13] , Iyengar showed that the depth formula holds for two R-modules M and N , provided one of the modules has finite complete intersection dimension and Tor R i (M, N ) = 0 for all i > 0. In [6] , Araya and Yoshino generalized Auslander's original result. More precisely, they proved that the formula (1.1) holds provided one of the modules has finite complete intersection dimension and Tor R i (M, N ) = 0 for i ≫ 0. In [9] , Bergh and Jorgensen proved that the depth formula holds in certain cases over Cohen-Macaulay rings, provided one of the modules has reducible complexity and Tor R i (M, N ) = 0 for i > 0. In this paper, we generalize the Auslander's original result for a module of finite Gorenstein dimension and with reducible complexity.
In section 1, we prove that the formula (1.1) holds provided one of the modules has reducible complexity and has finite Gorenstein dimension and Tor 
Preliminaries
Throughout the paper, R is a commutative Noetherian local ring and all modules are finite (i.e. finitely generated) R-modules. Let
be the minimal free resolution of M . Recall that the n th syzygy of an R-module M is the cokernel of the F n+1 → F n and denoted by Ω n R (M ), and it is unique up to isomorphism. The n th Betti number, denoted β R n (M ), is the rank of the free R-module F n . The complexity of M is defined as follows;
It follows from the definition that cx R (M ) = 0 if and only if Pd R (M ) < ∞. The complete intersection dimension was introduced by Avramov, Gasharov and Peeva [5] . A module of finite complete intersection dimension behaves homologically like a module over a complete intersection. Recall that a quasi-deformation of R is a diagram R → A և Q of local homomorphisms, in which R → A is faithfully flat, and A և Q is surjective with kernel generated by a regular sequence. The module M has finite complete intersection dimension if there exists such a quasi-deformation for which Pd Q (M ⊗ R A) is finite. The complete intersection dimension of M , denoted CI-dim R (M ), is defined as follows;
By [5, Theorem 5.3] , every module of finite complete intersection dimension has finite complexity.
The concept of modules with reducible complexity was introduced by Bergh [8] .
Let M and N be R-modules and consider a homogeneous element η in the graded R-module 
with exact rows. Note that the module K η is independent, up to isomorphism, of the map f η chosen to represent η.
Definition 2.1. The full subcategory of R-modules consisting of the modules having reducible complexity is defined inductively as follows:
(i) Every R-module of finite projective dimension has reducible complexity.
(ii) An R-module M of finite positive complexity has reducible complexity if there exists The notion of the Gorenstein(or G-) dimension was introduced by Auslander [2] , and developed by Auslander and Bridger in [4] . Definition 2.2. An R-module M is said to be of G-dimension zero whenever
, is defined to be the infimum of all nonnegative integers n, such that there exists an exact sequence
is bounded above by the complete intersection dimension, CI-dim R (M ), of M and if CI-dim R (M ) < ∞ then the equality holds.
The notion of the weak Gorenstein dimension was introduced in [11] . An R-module M is said to be of weak Gorenstein dimension zero, written w. 
On the other hand, there are modules having finite weak Gorenstein dimension but whose Gorenstein dimension is infinite (see [15] ). 
the depth formula
Let M and N be R-modules. In the following, we investigate the connection between the vanishing of homology modules, Tor Proof. Set c = cx R (M ), we argue by induction on c. If c = 0 then Pd R (M ) < ∞ and so Pd R (M ) = G-dim R (M ) = 0. Therefore Tr M = 0 and we have nothing to prove. As
Suppose that c > 0 and that η ∈ Ext * R (M, M ) reduces the complexity of M . Consider The exact sequence
where |η| = q + 1 and cx
, induces the long exact sequence .2), we obtain the following exact sequence
The exact sequence (3.3), induces a long exact sequence
Therefore if q > 0 then by (3.5) and (3.1)
By [8, Lemma 2.3] , there exists an exact sequence
where F is free. As G-dim R (K η ) = 0, by [4, Lemma 3.9] we obtain the following exact
The exact sequence (3.9), induces a long exact sequence (3.10) 
, we obtain the following exact sequence
The exact sequence (3.12), induces a long exact sequence
M for all i > 0, by (3.13) we get the following isomorphisms.
(3.14)
Ext
If q = 0 then by (3.14), (3.5) and (3.1), it is obvious that Ext i R (Tr M, N ) = 0 for all i > 0. Now if q > 0 then by (3.14) and (3.1),
Therefore by (3.6) and (3.7), Ext Now let G-dim R (M ) > 0, if n = 0 then we obtain the following exact sequence 
then by the exact sequence (3.17), it is obvious that depth
which is a contradiction by (3.16). Hence depth 
of homology modules. From (3.19), it is obvious that q = sup{i | Tor R i (K η , N ) = 0}. If n = 0 then from (3.19), we obtain the following exact sequences
If depth R (Tor The following lemma is useful for the rest of the paper. 
Vanishing results
Let M and N be R-modules. In [14] , Jorgensen proved that the vanishing of Ext for a certain sequence of numbers forces the vanishing of all the higher Ext groups. More precisely, he proved that if CI-dim R (M ) < ∞ and Ext 
Proof. We argue by induction on c. If c = 0 then Pd R (N ) < ∞. As Ext 
where F is a free A-module. As Ext From the exact sequence
we get the following long exact sequence of cohomology modules. 
